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Abstract. We study the relaxation of multiple integrals of the calculus of 
variations where the integrands are nonconvex with convex effective domain 
and can take the value oo. We use local techniques based on measure argu- 
ments to prove integral representation in Sobolev spaces of functions which 
are almost everywhere differentiable. Applications are given in the scalar case 
and in the case of integrands with quasiconvcx growth and p(a;)-growth. 

1. Introduction 

Let m,d > 1 be two integers. Let £7 C M'' be a nonempty bounded open set with 
Lipschitz boundary. Define F : W^'P{n;W^) [0,oo] by 

F{u) := [ f{x,Vu{x))dx 
Jn 

where the integrand / : 57 x M™^'^ [0, oo] is Borel measurable, and M™^'' stands 
for the set of m-rows and d-columns matrices. The "relaxed" functional F is given 

by 

F{u) := inf | lim F(u„) : W^-P{n;R"') B u„ ^ u\ 

(if p = cxD then replace ^ by ^). The goal of the paper is to study the integral 
representation of F for nonconvex integrands / which can take the value oo. In 
this case, the effective domain dom/(a;, ■) e m'^x^ ; f[x,£,)<(X)} of f{x,-) 

is the natural set of constraints for the gradients, the interest of such constrained 
relaxation problems is well described in the book jCDA02j . 

In the scalar case, i.e., when minjd, m} = 1, the integral representation of F 
is studied in |DAMZ04[ IDAZOSi |Zap05| . Under convexity of dom/(x, •) and some 
regularity properties of the multifunction x i— >■ dom/(a;, •), integral representations 
with convexification of f{x, •) are obtained. The present work focus on the vectorial 
case, i.e., when minjii, m}>l, in this context few is known, particularly the qua- 
siconvexification process when the integrand / is not finite is not yet understood 
(for works in this direction see for instance [BBOOai IAIIM071 lAHMOSi lAHlOj V 
The main difficulty in the integral representation of F is that usually we use an 
approximation result of functions of iy^'P(f7; M'") by more regular ones, usually 
continuous piecewise affine or continuously differentiable functions, and this choice 
implies different relaxed functionals. This situation is known as Lavrentiev phe- 
nomenon (or gap) (see for instance [BB95 ). But it is not known whether such 
approximation results exist when no regularity and growth assumptions are made 
on / and dom/(2:, •). In our work we study the existence of integral representation 
of F on domF :— {u G W^'P{ft;W"') : F(m)<c>o} without using of approximation 
results, and then give some applications showing how to obtain a full integral rep- 
resentation. Following this way, we try to establish conditions for the existence 
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of integral representation of F with the restrictions that dom/(a;, •) is convex for 
ah a; G ri, / is p-coercive and p G]rf, oo]. This simphfied framework ahows us to 
deal with functions of PF^'P(r2; R'") that are almost everywhere differentiable in il, 
which is an important ingredient for the possibility of integral representation of F. 
The techniques we use are based on measure arguments and localization. 

2. Main results 

We denote by 0{il) the set of all open subsets of ft. For each O G 0{fl), we 
win denote by W^J ^^(O; R") the subset of aU </> G W^''P{n;R"') such that = in 
fl\0 (this definition is equivalent to the classical definition of Wq'^{0; R™) (see for 
instance [AH96. Chap. 9, p. 233])). We denote by Q any open cube of M''. 

Let L : J7 X M™^'* [0, oo] be a Borel measurable integrand. We consider the 
following assertions: 



(Ai) if p G]d, oo[ then there exists c>0 such that for every {x, ^) G 

c\^\p <L{x,0; 

(A2) a p ^ 00 then there exists i?o>0 such that 

domL{x,-) C QfigiO) a.e. in fl; 
(A3) there exists pq>0 such that 

Qp„(0) C Al := |e e M^x"^ : ^L(x,0rf2:<oo| ; 

(A4) for almost all x E H. 



ixd 



domL(x, •) C Al{x) 



]\7n X d 



L{x,0 



lim 

Tm X d 



L{y,Ody 



(A5) there exists C>0 such that for every ^, C G M™""*, a; G fJ, and t g]0, 1[ 

L(x, t^ + {l- t)C) <C{1 + L{x, + L{x, 0) ; 
(Ag) for almost all a; G 

domL(a;;-) C El := U e 



where cj^(^) 



sup inf 

QCO ¥'6Wo^'''(Q:R") 
diam(Q)<i5 



S—>-Q 



L{x, ^ + "S/ Lp{x))dx. 



Remark 2.1. Some remarks on the previous assertions are in order: 

(i) The assertion (Ai) (resp. (A2)) is a coercivity condition in the case p finite 
(resp. p non finite), it is used only in the Subsection 16.21 Note that if p g]c?, 00] and 



(Ai)| or p^ hold, then due to compact embeddings of l^i'P(f];R") in L°°(ri;R") 
F{u) = inf j lim F(u„) : W^'P{n] R") 9 u„ ^ 



we have 
(2.1) 



(ii) It is easy to see that the combination ( (A3) (A4) and (Ag) I is equivalent to: 
(A7) there exists po>0 such that 

Qpg(O) C Al C domL(a;,-) C AL(a;) HSl a.e. in Vt. 

(iii) Due to (As)} the effective domain domL(x, •) is convex for all a; G il, the 
same holds for A^, and Al(x). 

(iv) The assertion (A3) is equivalent to G int(Ai) where int(Ai) denotes the 
interior of A^ . 
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■ + V^(2/))dy:^G<^P(Q,(x);R") 



We denote by Y the cube ]0, Define ZL-Mx M"'''' [0, oo] by 
ZL{x, := lim inf L{x + ey,^ + Vip{y))dy : if £ W^'^iY; R™)| 
Remark 2.2. (i) The formula which gives ZL can be rewritten 
(2.2) ZL(a;,0 liminf J / Hy,^ 

where Qe{x) = x + eY with e>0 and x € ^l. 

(ii) If L does not depend on x, then L is PF^'P-quasiconvex in the sense of 
Ball & Murat |BM84] if and only if L = ZL. In fact ZL is the generalization 
to x-dependent integrand of the Dacorogna quasiconfexication formula. If L is a 
Caratheodory integrand with p-polynomial growth then we can freeze the variable 
X and show that 

ZL{x, = inf 1^ L{x, e + V^{y))dy : ^ G W^^°^{Y; 

which is the Dacorogna quasiconvexification formula for each x fixed. However the 
formula (j2.2p can be considered as a natural generalization when we deal with Borel 
measurable integrand which can take the value oo. 

Definition 2.1. We say that L is VF^'^-quasiconvex if L = ZL. 

We say that L is radially uniformly upper semicontinuous (ru-usc) if there exists 
a e Ll^^{n;]0,oo]) such that limt^i A2(t) < where : [0,1] - cx), cx)] is 
defined by 

L(x,tn - L(x,£) 
Ai(t) :=esssup sup \\ i rf n ' 

xen ^edoniL(x,-) a[X) -t l^{X,t;) 

The systematic use of the concept of ru-usc functions in the setting of the relaxation 
of nonconvex functional in the vectorial case starts in |AH10] . then it is used to 
prove homogenization results in [AHMllI IAHM12) . 

Define ZL : fl x M™^'' ^ [0, oo] by 

:= lim ZL{x,tC). 

t->i- 

Remark 2.3. (i) In fact, if L is ru-usc then ZL too (see Lemma H77| . 

holds and ZL is ru-usc then the lim in the definition of ZL is a limit 



(ii) If (As) 



(see Lemma [4.81) . 

We state the main result of the paper. 



Theorem 2.1. Assume that f satisfies (Ai) ((A2) if p = 00), (A7) and (A5 
// either f is ru-usc or Zf is both ru-usc andlV^-quasiconvex, then for every 
u S domi^ we have 

(2.3) F{u)^ I Zf{x,\/u{x))dx. 

Jn 

Remark 2.4. (i) Under the same assumptions the local version of Theorem 12.11 also 
holds, i.e., if we set 

F{u; O) := inf | lim f f{x, Vun{x))dx : W^ P{n; K") 3 u„ ^ u\ 

then 

F{u;0)^ f Zf{x,yu{x))dx 
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for all O G 0{ri) and u e domF(-; O) where 

domi^(-;0) = |u G : j f{x,Vu{x))dx<oo 

(ii) We do not know whether Zf is VK^^^'-quasiconvex (i.e., Z{Zf) = Zf) when / 
is assumed to be ru-usc. 



If we consider a stronger assumption (see (Ag) I in place of (A3) then the following 
result shows that the full integral representation of F holds. 



Theorem 2.2. Assume that f satisfies [(A7)] ( |(A2)| if p = 00), [(As)! |(A4)[ [(Ag) 
and 

(Ag) there exists po>0 such that for every u G W'^^^{Q,;W^) 



\u\i,P < Po 



f{x, 'S/u{x))dx<oo. 



If either f is ru-usc or Zf is both ru-usc and W^'^ -quasiconvex then 
for all u G domi^. 



holds 



Remark 2.5. (i) Under the same assumptions the local version of Theorem 12.21 also 
holds, i.e.. 



F{u-0) 



Zf{x, 'Vu{x))dx 



for all O G 0{n) and u G domF(-; O). 

(ii) Theorem 12.21 is mainly used to propose an alternative of the results of 
|DAMZ04[ |DAZ05| (see Subsect ion [5^ . 

(iii) Note that the assertion (Ag) implies (A3) It seems that condition 
makes sense when p — 00 because in this case we can show that (A3) and 



(As) 



(As) 



imply (Ag) (see Corollarv l4.1l) . The condition (Ag) means that the effective domain 
has to be "thick" enough in order to have no gap appears when passing from the 
representation on domF to the representation on dom_F. 

Theorems 12.11 and 12.21 are consequences of the following proposition. Define 
ZF : I¥i^P(r2;R™) x 0{n) -> [0,oo] by 

ZF{u-, O) := mi ( lim /" Zf{x, Vu„(x))da; : W^'P{n; R") 3 it„ ^ u 
Proposition 2.1. Assume that f satisfies (Ai) ((A2) \i p = 00), {P^^)\ (A4) and 



(As), Let O G 0{n). 



(i) Then for every u G W^'P[n]mr) such that F{tu)<oo for all t g]0, 1[, we 
have 

F{tu;0)< 1 Zf{x,t\/u{x))dx 
Jo 

for all t g]0,1[. 

(ii) If Zf is ru-usc and W^'^ -quasiconvex then for every u G domF we have 



ZF{u]0)> / Zf{x,yu{x))dx. 
Jo 

(iii) If f is ru-usc then for every u G dom_F we have 
F{u;0)> / Zf{x,\7u{x))dx. 



In fact the lim in the definition of Zf is a limit if (A4) and (Ag) hold. 
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Proposition 2.2. If L : fl xM™^ is a Borel measurable integrand satisfying (A4) 



and (Ag) then for almost all x £ fl and for every ^ G domL{x, •) 

ZL{x, = lim inf If L{x + ey, £. + Vip{y)dy : ip G W^^^iY; K" 

The plan of paper is as follow. In Sect. [3] we give some applications in the 
case where / satisfies quasiconvex growth, we show that a full integral represen- 
tation holds if the functional associated to the quasiconvex growth is sequentially 
weakly Isc on W^'P{VI;W^). The scalar case is treated by using Theorem 12.21 and 
adding some assumptions on the regularity of dom/(a;, •). Finally an application 
of Theorem 12.11 is developed in the context of relaxation with integrand satisfying 
p(a:)-growth. 

In Sect, m we first establish some results on L and the envelope ZL needed for 
the proof of Proposition 12.11 Then we introduce the concept of ru-usc functionals 
and state abstract results needed in the proof of Theorem l2.2l 

In Sect. [5] the proofs of Theorem 12 . 1 1 and Theorem [221 are given by using Propo- 
sition 12.11 The proof of Theorem 12.21 use the abstract result on ru-usc functionals 
of Subsection 14.21 and especially Corollary 14.21 

The Sect, inland Sect. [Tlare devoted to the proof of Proposition l2.1l The strategy 
to prove the upper bound part (i) of Proposition 12.11 is inspired by the paper of 
[BFM98] . They develop a new method to prove integral representations for relaxed 
variational functionals and F-limit of variational functionals. Roughly, their method 
consists, when F{u] ■) is a Radon measure absolutely continuous with respect to a 
fixed finite nonnegative Radon measure, to express the Radon-Nikodym derivative 
of F{u] ■) in terms of minima of local Dirichlet problems for F. However, in our 
case, we use an indirect method for the proof of Proposition 12.11 (i) in the sense 
that we do not prove directly that F{u;-) is a Radon measure. Note that some 
similar ideas considering the link between the relaxed integrand and minima of 
local Dirichlet problems appear in jDMM86] and in the context of G-convergence 
in jDGS73| . For the proof of the lower bound parts (ii) and (iii) of Proposition 12. 11 
we use the techniques of localization (also known as blow-up method) and cut-off 
method introduced by |FM92| . 

In Sect.[5]we give the proof of Proposition l2.2l bv using some measure arguments. 
More precisely, the proof consists to see ZL{-,£) as derivate of a set function (see 
for instance [MMl |Bon72] ) . 

3. Applications 

3.1. Relaxation with quasiconvex growth. Let p £]d^oo[. Let G : M™^'' — > 

[0, 00] be a Borel measurable integrand. Consider the assertions: 
(Bi) G is W^^'^'-quasiconvex, i.e., for every ^ G M™^'' 

G(C) = ZGiO- 

(B2) / has G-growth, i.e., there exist a,/3>0 such that for every (a;,^) G x 

•y-m X d 

aG{0<f{x,£.)<P{^ + G{i)). 



Theorem 3.1. Assume that G satisfies (Ai)[ (A5) (Bi), (B2) and G int(domG) 



// either f is ru-usc or Zf is both ru-usc and W'^'P -quasiconvex then (j2.3D holds 
for allue W^i'P(rj;R™) such that J^G{Vu{x))dx<oo. Moreover ([231) holds for all 
u G dom_F if 

M^i'P(f7;M'") 9 u / G{\Iu{x))dx 



IS S' 



equentially weakly lower semicontinuous (swlsc) on W^'^{Vl]M.™'). 
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Proof. By ((B2)), it is easy to see that dom/(a;, •) = domG — Af — Af{x) — 
Sf a.e. in il, so / satisfies (A7) since g int(doniG'). We have also that / 
satisfies (Ai) since G satisfies (Ai) By Lemma [4.41 G satisfies (A5) if and only 
if / satisfies (A5) Applying Theorem 12.11 we obtain (j2.3l) for all u e domF. But 
domi^ ^ {u e W'^'P{n;R"') : f^^G{Vu)dx <oo} since ( [(B7)| ). If we assume that 
W^-P{n;R"^) J^^G{S/u{x))dx is swlsc on R™), then again by using 



( |(B2)| ), domi^ = {u 6 M^i'P(f];R™) : J^G{Vu)dx<oo}, thus domi^ = domF and 
the integral representation holds for all u G domi^. ■ 

3.2. Relaxation in the scalar case. Let L : ilx M™^'^ — s> [0, 00] be an integrand. 
We denote by i** : 57 x M™^'^ — > [0, 00] the convex lower semicontinuous envelope 
of L{x, •) for each x ft, i.e., 

L**{x, £_) :— sup {g{x, ^) : g{x, •) is convex and Isc, g{x, •) < L{x, •)} 
for aU {x,£_) ei} 



um X d 



To show that the relaxed integrand ZL coincides with L** when m = 1 we need 
assumption "a la De Arcangehs and aU" (see |DAMZ04i IDAZOSj l. For each e>0 



define the multifunction : fl- 



ixd 



Deix) 



u 



u 



Ar|=o 



by 

fl int(domL(y, •)) - {^viv)}- 



Consider the following assertion: 
(Ci) for almost all x E H. 



y Pi D^{x) CdomL{x,-). 

<5>Oee]0,5[ 



Lemma 3.1. If L 

an 



n X 



ixd 



(A3). (A4) 



[0,< 



a Borel 



measurai 



(Ag) then for a. a. a; G f2 and for every i e]0, 1[ we have 
MomZi(x, •) C domL(x, •). 



hie satisfying (Ci)[ 



Proof. Fix X eO. such that (Ci) holds and G int(domL(x, •)). Fix ^ e domZi(a;, ■). 
Then by Proposition 12.21 there exists £o>0 such that 



sup 

ee]0,eo[ 



for some {^E}e£]o,eo[^Ve G Wq"^ {Q,s{x);W^) . It follows that for every e g]0,£:o[ 
there exists a negligible set C Q,e{x) such that for every y £ Q^{x)\N^ we have 
^ + V(/3e(y) e domL(y, ■)■ It holds t^ + tVip^^y) G MomL(y, •) for all y S Qe{x)\N^ 
and alH £]0, 1[. Hence E riy(zQ^(^x)\NMomL{y, ■) — {tV(pe{y)} ioi allt e]0,1[. By 
convexity of domL{y, •) and the fact that by (A3) we have £ int(domL(y, •)) for all 
y e Qe{x)\N' for some negligible set N', we deduce tdomL{y, •) C mt{domL{y, •)) 
for ah y G Qe(x)\7V' for aU t e]0, 1[. It follows that for every t e]0, 1[ 

t^e Pi int(domL(2/,-))-{iV(^e(2/)}- 

yeQ,{x)\{N-UN') 



From (Ci) we deduce that t^ £ domL(a;, •) for all t g]0, 1[ which completes the 
proof. ■ 



Lemma 3.2. // the assumptions of Theorem \2.1\ and (Ci) hold then for a. a. x £ fl 

the integrand ZL{x, •) is rank-one convex and equals to ZL{x, •) the Isc envelope of 
ZL{xr). 
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Proof. Wc have to show that for a. a. a; e il, for every f , C G M™^'^ such that 
rank(^ — C) ^ 1 ^-nd for every r g]0, 1[ we have 

ZLix, + (1 - r)C) < rZLix, + (1 - r)ZL(x, 0- 

Fix xq e r2' where 

17' |a; e : Vi e]0, 1[ MomZL(a;, •) C domL(x, •) C Al(x)| . 



Since Lemma lOI and (A4) we have |r2\ri'| — 0. 

Fix C G domZZ(xo,-)- Thus L{xo,t^)<oo and L(xo,iC)<oo fo^^ all i g]0, 1[. 
Fix t e]0, 1[. If X e {C,C} then 

Fft/^;Qe(xo)) 



oo>L(a;o, tx) = lini -f ^(y, tx)dy 



— hm 



where l^iv) '■= XV for ah y G M''. Choose Sq>0 such that F{tly,; Q^t (a;o))<oo. By 
the local version of Theorem 12.11 (with O — Qs{xo)) we have for every e e]0, 5q[ 



F(«x;Q,(a;o)) - 



ZL{y,tx)dy. 



Reasoning as in the proof of the zig-zag lemma (see for instance jBD98[ p. 79-80]), 
we obtain for every r g]0, 1[ 

ZL(xo, Tte + (1 - T)tC) < tZL{xo, to + (1 - T)ZL(xo,tC). 

Letting t ^ 1 and using Lemma 14.81 we obtain that ZL{xo,-) is rank-one con- 
vex. Then ZL{xq, ■) is separately convex so is continuous in int(dom2^L(xo, •)) (see 
|Dac08[ Theorem 2.31, p. 47]). Applying Lemma [4.71 together with Theorem 14.21 
we obtain that the function ZL{xo, ■) is the Isc envelope of ZL{xo, ■)■ B 

The integral representation of F was studied in jDAMZ04[ IDAZ05) in the scalar 
case with p = 00, we propose here the following alternative result. 



Theorem 3.2. Assume that m = 1. Assume that f satisfies (Ai) ((A2) if p = 00), 



(A4), (A5), (Ag), (Ag), and (Ci) // either f is ru-usc or Zf is both ru-usc and 



W ^^-quasiconvex then for every u E dom_F we have 



Fiu) 



f**{x,Vu{x))dx. 



Moreover f**{x, •) — Zf{x, •) = ZJ{x, ■) a.e. in f2. 

Proof. By Theorem 12.21 the representation (|2.3p holds for all u € domF. Fix 
^ G M"'^^'*. On one hand, by a well known lower semicontinuity result (see for 
instance |But891 Theorem 4.1.1]) we have for every O € 0{Q) and u e W^'P{Q) 

F(u; O) > inf j lim [ f**{x,\7un{x))dx : W^'P{n) 3 u,, ^ u 

> I f**{x,Vu{x))dx. 
Jo 

It follows that Zf{x,-) > /**(x, •) a.e. in fl. On the other hand by Lemma 
we have Zf{x, •) is convex and Isc and f{x, •) > f{x, •) > Zf{x, •) = Zf{x, •) > 
f**{x, •) a.e. ft, and the proof is complete. ■ 

Remark 3.1. If wc consider the case p = 00 in Theorem 13.21 we can replace the 

since 



assumption (Ag) by (A3) 



(A3) and (A5) imply (Ag) (see Corollary lO) 
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3.3. RelELxation with p(a;)-growth. Let p e]d,oo[. Let p : -t- [0,oo[ be a 
measurable function such that p < p{x) for all a; G 51. 

Let / : f2 X M™^'^ [0, oo[ be a Borel measurable integrand. 

Consider the assertions: 

(Di) for each ^ e M™^'' we have 



e L^{n) and lim sup 



)CO, cube JQ 



\C\P'-''^dx<c 



diam(Q)<(5 

(D2) there exist a,/3>0 such that for every (a;,^) efl x M™^'^ we have 



When (D2) holds, we say that / has p(a;)-growth. The condition (Di) is satisfied 
if p(') l£ P* for some p* oo[. 



Theorem 3.3. Assume that (D2) holds. If (j2.3p holds for each u G domi^, then 
Zf is a Caratheodory integrand which is ru-usc and rank- one convex with respect 
to the second variable. 

Proof. Reasoning as in the proof of the zig-zag lemma (see for instance jBD98[ p. 
79-80]), we obtain that Zf{x, •) is rank-one convex for all x € fl. Then Zf{x, •) is 
separately convex. Moreover using (Di) it is easy to see that Zf satisfies: for a. a. 
X G and for every ^ G M™^'^ it holds 

(3.1) a|^|P(-) <f/(x,0</3(l + l^r^"^). 

So by using jPacOSi Theorem 2.31, p. 47] we obtain that for G n the 

function Zf(x, •) is continuous in int(dom2^i(a;, •)). But for G ri we have 

int(domZ/(x, ■)) = doin Zf{x, •) = M™>"* since (lO) . 

By p. II) and |Dac08[ Prop. 2.32, p. 51] there exists K>0 such that for a. a. 
X G ri, for every t g]0, 1[ and every ^ G M™^'^ 

\zf{x,to - zf{x,o\ <m- ^1 (1 + i^er'^^^-' + icr^"^"'' 

< {l-t)4K (l + ^Zf{x,C) 



< (1 -i)4X(l 



l + Zf{x,0 



where we used (D2) We obtain Al- (t) < (1 - <)4/f (1 + J-) which shows that Zf 
2 f ^ 

is ru-usc by letting i 1. ■ 



Theorem 3.4. Assume that (Di) and (D2) hold. If Zf is W^'P-quasiconvex and 
ru-usc, then (j2.3p holds for each u G dom_F. 



Proof. Since YJhl)\ and [(UQ] we have dom/(a;, •) = M™^'' for aU x G » and 
holds. Moreover, (Ai) holds since p(-) > p>d. It is easy to check that (A5) holds 
since Lemma [4.41 and the fact that for each x the function ^ ^ |^|p(^) is convex. 
Apply Theorem l2.1l we have (12. 3p for all u G domF. Using convexity it is easy to see 
that the functional M^i'P(r2;R") \V u{x)\p^'='> dx is swlsc on M^1'P(17; M"). 

Hence 



domi^ = dom_F = 
and the proof is complete. 
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4. Preliminary results 
4.1. Some properties of L and ZL. The following lemma is an extension for 



nonconvex functions satisfying (A3) and (A5) of the classical local upper bound 
property for convex functions. 



Lemma 4.1. Let L : Q, x 



irm X d 



satisfies (A3) and (A5) then 



[0, 00] be a Borel measurable integrand. If L 



Mo{x)dx<oo where Mo{-) ■= sup L{-,()- 

CeQp„(o) 

Proof. Each matrix ^ G Q^^ (0) is identified to the vector 

Consider the finite subset S := {(.^n, • • • ,£,md) ■ £.13 e {-po,0,po}} C Q,p„{0) and 
define the function L* : f2 — [0, 00] by L*{x) :— max^^g L{x, The function L* 



belongs to L^(r2) since (A3) Indeed, for each x G il choose one £x & S such that 



L*{x) = L{x,£x), and for each ^ £ 5 consider the sets := {y G J7 : = 
then the finite family {iW^j^g^ is pairwise disjoint, ^l — U^gs A/^ and 



/ L*{x)dx — '^^ j L{x,£,x)dx <''^^ / L{x,£)dx<oo. 



il ; 



.ml ; 



Fix X e fl. Let C = (C117 ■ 
£ij = (ij all i 1 and j ^ 1. If ^ then by (A5) we have 



,Cmd) G S with 



(4.1) L(a;,e)=L(a:,^sgn(eii)po+(l-^)o,-.- 

<C (1 + L(a;, po, ■ • • , ?mrf) + ^(a:^, 0, • • • , £,md)) 
<2C{1 + L*{x)) 

where sgn(fy ) denotes the sign of The same upper bound in (14. ip holds for 
L(x,^) when — 0. 

Assume now that £ij — Cij for all i 7^ 1 and j ^ {1,2}. Then by using (j4.ip and 



Mill 

Po 



(A5) we have 

Lix,0 =L (x,eii,^sgn(ei2)po + (1 

<C (1 + 2C(1 + L*(a;)) + L*(x)) . 
<Cil + 2C){l + L*{x)). 
Recursively, we obtain C*>0 which depends on C only, such that 

Lix,£) < C*il + L*{x)) 
for all (x,^) e J7 X Qp(j(0). Integrating over il we obtain 

/ sup L{xX)dx <C* [ L*{x)dx)<oo. 



1 ^md 



Corollary 4.1. If p — 00 then (A3) and 
such that L(x,'S/u{x))dx<oo whenever 



(A5) imply (Ag)[ i.e., t/iere exists po>0 



w|i,oo < Po /or all u G l^i^°°(17; M™). 



Proof. Remark that Vu(-) G Qp(,(0) a.e. in ft when |u|i^tx) < Po, and then apply 
Lemma WA\ to complete the proof ■ 



For the proof of Theorem 12. II we need the following result. 
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Lemma 4.2. If L : x 



ixd 



[0, oo] is a Borel measurable integrand which 



satisfies (A4) then for a. a. a; G and for every ^ e 



nm X d 



have 



ZLix,0 < Lix,0- 

Proof Fix xq e ri' where fl' := {x e ^ : domL(a;, •) C Al(x)}. We have = 



(A4) If C ^ dmaL{xQ,-) then 2L{xo,0 < 00 = L{xo,^). Now, if ^ S 



domL(a:o, •) then by (A4) hm£_j.o /q (^^^-^-^ L{z,()dz = L{xa,S^). Using the definition 
of ZL we finish the proof. ■ 



Lemma 4.3. If L : Q x 

satisfies (A5) i/ien ZL satisfies (A5 



[0, 00] is a Borel measurable integrand which 



Proof Let x £ Q, ^ M™^'' and t g]0,1[. There exist {(^5, J^, {(/^c^ele C 
tyo'P(Qe(a;);M") such that 



hm 

e->0 



Since (^^ := tip^^^ + (1 - O'/'Ce ^ Wg '''(Qe(a;); M™) we have 
ZL{x, te + (1 - t)C) < lim / L(y, + (1 - i)C + ^Ve)dy 

< C lim / (1 + L(j/, i + V(p^.e) + i + Vipc,e))dy 

<C{l + ZL{x,0+ZLix,C)) 
which completes the proof. 



The following result shows that the condition (A5) is shared by integrands with 
the same growth. 

Lemma 4.4. If Li, L2 ^ x M™^'* [0, cxd] are two Borel measurable integrands 
such that for some a, /3>0 and for every {x, ^) £ x M™^'' it holds 

aL2{x, < Li{x, < + L2{x, 0), 



then Li satisfies (A5) if and only if L2 satisfies (A5) 



Proof. Assume that Li satisfies (A5) Fix a; G Let G 
Then 

L2ix, t^+il- t)C) < -Liix, t^ + il- t)0 
a 

< -{l + Liix,0+LiixX)) 
a ^ ' 

< -{l + 2p + pL2{x,0+PL2{x,C)) 
a 

< -(l + 2/3)(l + L2(x,e) + i2(x,C)). 



and t e]0, 1[. 



In the same manner we can verify that if L2 satisfies (A5) then Li too. 
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4.2. Ru-usc functionals. Let {X,t) be a topological vector space and J : X ^ 
[0, oo] be a function. For each a>0 and D C dom J we define A} ^ : [0,1] — !•] — oo, oo] 

by 

Al.(t):=sup:^M-^. 

ueD a + J{u) 

When D = dom J we will write A" Aj^ 

Definition 4.1. Given D C dom J, we say that J is ru-usc in D, if there exists 
a>0 such that 

limA},^(i)<0. 

Remark 4.1. If J is ru-usc in D then 

(4.2) li^ J(tu) < J(u) for all m G £) 

t—fi 

Indeed, given u G I?, we have 

J{tu) < A'}jj{t) (a + J(u)) + J{u) for aU t e [0, 1] 
which gives (|4.2p since a + J{u) > and hmt_^i A}(t) < 0. 

Remark 4.2. If there exists uq ^ D such that J is "radially" lower semicontinuous 
at uq in the sense that 

(4.3) \imJ(tun) - J(un) > 0. 
Then 

(4.4) lim A} (t) > for all a>0 

t-i-i 

Indeed, given such u £ D, for any a>0 we have 

A},.W> ^^^":^:/^;°^ oralHe[0,l] 

which gives since a -I- J(uo) > and 

For a subset D C X, we denote by the closure of D with respect to t. 
Lemma 4.5. Lei Z? C dom J be a r-star shaped subset with respect to 0, i.e., 

(4.5) tW (iD for allt<=:]Q,l[. 
If J is ru-usc in D then 

lim J(tu) = lim Jitu) 
t-i-i 

/or a^Z u G Z?^ . 

Proof. Fix u G Z?^. It suffices to prove that 

(4.6) Urn J(tu) < YmvJjtu). 

t-^i t-j-i 

Without loss of generality we can assume that lim ^_,/^ J(tu) < oo and there exist 
{tn}n, {sn}n c]0, 1[ such that: 

• tn 1, s„ 1 and ^ 1; 

• lim J(iu) = lim ■J{tnu); 

• lim J(tu) — lim J(s„7i). 
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From (|4.5p we see that for every n > 1, s„it G £> so we can assert that for every 
n>l, 

(4.7) J{t„u) < aAl^ (^-^] + (l + f ^) ) J(s„u). 



On the other hand, as J is ru-usc in D we have hm„_j.oo (^1 + Ajjj (f")) — 1 

and lim„^ooaA}^ (s^) — ^ ^^^'^^ a > 0, and (|4.6|) follows from (|4.7p by letting 
n — > oo. ■ 

Define J:X^[Q,oo] by 

J{u) := lim J{tu). 

Lemma 4.6. // J is ru-usc in a r-star shaped set D C domJ then J is ru-usc in 
If n dom J. 

Proof. Fix t g]0, 1[ and u e C\ dom J. We have tu £ D since (|4.5p holds. By 
Lemma 14.51 we can assert that: 



• J{u) — lim J{su); 

s— J-l 

• J{tu) — lim J{s{tu)), 



and consequently 

^4 J(fa) - J(m) ^ ^.^ Jjtjsu)) - Jjsu) 

a + J(M) ''^i a + J(sM) 

On the other hand, by (j4.5p we have su E D for all s e]0, 1[ so 

«-iM<A2.,(t)foran.e]0,l[. 
a + J[su) 

Letting s — s- 1 and using (14.81) we deduce that ^ ~(t) < A", n(t) for all 
t e]0, 1[, which implies that J is ru-usc in Z) n dom J since J is ru-usc in D. ■ 

Theorem 4.1. //J is ru-usc in a r-star shaped set D C dom J, and r sequentially 
lower semicontinuous on D then: 



(i) J{u) 



J{u) ifu€D 
lim J{tu) ifue IfXD 



^ D r 

(ii) J = J on D where 

(u) := inf < lim J(m„) : 9 u„ ^ u > . 

Proof, (i) By Lemma 14.51 we have J(u) = linif_^i J(iu) for all u G Tf . From 
Remark [4.1l we see that if w e then limj^i J{tu) < J{u). On the other hand, from 
(|43)) it follows that if u e -D then tu e D for all t e]0, 1[. Thus, Imkt^i J{tu) > J{u) 
whenever u £ D since J is r Isc on D, and (i) follows. 

(ii) Let u el^"^ . Using (|4.5I) we have e for aU i £]0, 1[, so by Remark HTTI 
and lower semicontinuity it follows that J{u) — limt^i J(tu) > J (u). It remains 
to prove that 

(4.9) J°{u) > J{u). 
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Choose a sequence {w„}„ C D such that u„ — >■ u and hm„^oo J{un) — J (u). By 



(|4.5|) we see that iu„ € D for all i s]0, 1[ and all n > 1, and consequently 
lim J(tu„) > J{tu) for all t e]0, 1[ 

because J is t Isc on D. It follows that 

(4.10) iim hm J(iu„) > J(u). 

On the other hand, for every n > 1 and every t G [0, 1], we have 

J{tun) < (1 + A}^^(t)) J(u„) + aAl^it). 
As J is ru-usc in D, letting n — )■ oo and t — >■ 1 wc obtain 

lim lim J[tUn) < lim J{un) = J (u) 

which gives (j4.9p by combining it with (|4.10l) . 

The following result is a consequence of Theorem 14. II For a functional F : X 
[0, oo] we denote by F : X — > [0, oo] the r sequential Isc envelope defined by 



F{u) := inf < lim F(u„) : X 3 Un ^ u> . 



Corollary 4.2. Assume that domi^ is r-star shaped with respect to 0, F is ru-usc 
in domi^, and F = I on dom_F where / : X — 5- [0, oo] is a functional. Then 

{I{u) if u <E domF 

lim I{tu) if u e domF \ domi^ 
oo otherwise. 

Proof. We have F — p^""^^ = jdomF ^^^^^ F = / on domF. Hence / — 7^°™^ on 
domF so / is T Isc on domF. Apply Theorem 14.11 with I = J and D = domF, it 
follows that I — I °™ so F = / on domF''. ■ 

4.2.1. Ru-usc integrands. Let M C M'* be a measurable set and let L : M xM™^'* -> 
[0, oo] be a measurable integrand. For each x & M and for each a E Ll^^{M; ]0, oo]), 
we define : [0, 1] — !>] — oo, oo] by 

L(x,tn - L(x,0 
A2(t) :=esssup sup \\ l rf n ■ 

Definition 4.2. We say that L is radially uniformly upper semicontinuous (ru-usc) 
if there exists a e Ll^^{M; ]0, oo]) such that 

^^Al{t)<0. 

Remark 4.3. If L is ru-usc then 

(4.12) ]h^L(x,t^) < L{x,^) 

for all X E M and all ^ G domL(a;, •). 

Remark 4.4. If there exist x E M and ^ £ domL(x, •) such that L{x, •) is Isc at ^ 
then 

(4.13) lim A^ (t) > 
for ah a £ Lii„^(A/; ]0, oo]). 

Lemma 4.7. If L : ft x M™^'' ^ [0, oo] is a ru-usc Borel measurable integrand 
then ZL is ru-usc and A%^{t) < A^(t) for all t e]0, 1[. 
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Proof. Indeed, fix a; G a Lebesgue point for the function a € L^{fl) whicfi appears 
in the definition of the ru-usc for L. Fix ^ € domZL(x, •) and choose a sequence 
{(Pe}e C M^o'^(Qe(a;);R") satisfying for every e>0 

e + ZL{x, > / L{y, ^ + Vip,)dy. 
Fix e>0. Then ^ + V(pe{y) G domL{y, •) a.e. in Qe(a;). We have for every t e]0, 1[ 
/ Liy,t^ + V^,)dy-ZL{x,0 

</ L{y,ti + V^,)dy- i L{y,( + V^,)dy + s 



<^L{t)\i a{y) + L{y,£, + V^e)dy\ +e 

yQ.ix) 



a{y)dy + e + ZL{x, S)\ + e. 

J 

Taking the infinium over ah If e Wo -^(Qe(a;);M™) and passing to the Umit £ -> 
we obtain A'^]^{t) < AJ^(t) for aU t g]0, 1[, and the proof is complete. ■ 

Define L : M x W""^ ^ [0, oo] by 

L{x,£,) :— Um L(x, t£). 

The proof of the foUowing resuh is similar to the proof of Lemma 14.51 and 
Lemma 14.61 



Lemma 4.8. If L is ru-usc and for a. a. x G M the effective domain domL(x, •) is 
star shaped with respect to 0, i.e., tdomL{x, •) C domL(x, •) for all t g]0, 1[ then L 
is ru-usc and 

— lirn L(a;, t^). 

We can now state the analogue of Theorem 14. II 
Theorem 4.2. Assume L is ru-usc. If for every x G M , 



tdomL{x, •) C int(domL(x, •)) for all t g]0, 1[ 
and L{x, ■) is Isc on int(domL(x, ■)), then: 

( L{x,^) if ^ GmtidomL{x,-)) 

(i) L{x,0 = I e adomL(x,-) 

I. oo otherwise; 
(ii) for every x G M , L{x, •) is the Isc envelope of L{x, •). 

5. Proof of Theorem 12.11 and 12.21 

5.1. Proof of Theorem [HU Let O G 0{n) and u G domi^(-, O). If Zf is ru-usc 
and Il^-'^^^'-quasiconvex, then by Lemma 14.21 we have 

F{u, O) > inf I lim / Zf{x, Vun[x))dx : W^'^iVl; M™) 3 Un 

l,n— >oo JO 

Using Proposition 12.11 (ii) we obtain 

(5.1) F{u,0)> [ Zf{x,\/u{x))dx. 

Jo 

If / is ru-usc then (|5.ip holds by Proposition 12.11 (iii) . 
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To prove the reverse inequality, note that tu G domi^(-, O) for all t g]0, 1[ since 



(A5) and (A3) Using Lemma and (A5) we have for every t g]0, 1[ 

Zf{x, tVu{x)) < f{x, tVu{x)) < C(l + fix, 0) + fix, Vuix)) a.e. in O. 

Then we consider both Proposition 12 . 1 1 (i) and Lemma H751 and apply the Lebesgue 
dominated theorem we obtain 

Fiu,0)< lim F(tu. O] < li^ O) < li^ / Zfix,tyu)dx 

< / Zfix,Vu)dx 
Jo 

where we used the fact that Fi-,0) is swlsc on R™), which completes the 

proof. ■ 



5.2. Proof of Theorem Hm Fix O € Oin). By and pi)| domi^(-,0) is 
a convex subset of W^'^i^l; R™) with belongs to the interior of domi^(-, O) with 
respect to the norm topology of W^'^ift; R™). Hence, by a well-known property of 
convex set in normed space, we have tdomFi-, O) C domF(-, O) for all t G [0, 1[, 

where domi^(-,0)' is the closure of domF(-, O) in W^'Pi^; R"). Since domF(-, O) 

7 7^ 7 \^ 7 \^ 

is a convex set we have domF(-,0) = domi^(-,0) where domF(-,0) is the 

closure of domF(-,0) with respect to the weak topology of H^^'P(r2; R™). We 

deduce that domi^(-, O) is weakly star-shaped with respect to 0, i.e., 



(5.2) MomF(-,0) C domi^(-,Cl) for all t G [0,1[. 

We claim that Fi-,0) is ru-usc in domF(-,0). Indeed, let u G domi^(-,0) and 
t g]0, 1[. First, by Proposition O (i) 

Fitu,0)< J Zfix,tVu)dx < j A^^^it) (aix)+Zfix,Vu)j +Zfix,\7u)dx 

= A|^^(0 (|aUi(o) +Fiu,0)) +Fiu,0). 

It follows that a!-,'''J^"'> , Jt)< A"^it) for aU t g10,1[. By Lemma HiH] (if 

F(-,0),domF{-,0)^ ' ~ Zf^ ' j i l i/ \ 

/ is ru-usc then combine Lemma [4.71 Lemma [4.81 and (domZ/ C domZ/)) Zf is 
ru-usc, it follows that F(-, O) is ru-usc in domi^(-, O). Applying Corollarv 14.21 with 
I{u) = Zfix, Vu)dx, D — domF(-, O) and by taking account of (15. 2p . we obtain 



(5.3) Fiu,0):= 



I Zfix,Vu)dx if u G domF(-,0) 

lim / Zfix,tVu)dx if u G domF(-,0) \domi^(-,Cl) 
Jo 



00 otherwise. 
Let u G domi^(-, 0)\domF(-, O). If /(m) = 00 then F(m, O) = 00, indeed, since 



\un\miZfix,stO > Zfix,^, 

t->l s^l 



we have 



F(u,0) = lim / Zfix,tVu)dx > / ]hn Zfix, tVu)dx > / Zfix,Vu)dx^Iiu) 
^-^^Jo Jot^i Jo 

where we used (j5.3p and Fatou lemma. Assume now that /(u)<oo. On one hand, 

Z/(-, Vu(-)) € i^(0), and on the other hand Zf is ru-usc, hence 

Zfix, tVuix)) < Zfix, Vuix)) + A~ (t) (a(x) + Zfix, Vw(a;))) 
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for all t g]0, 1[ and x <E O. Applying the Lebesgue dominated theorem we finally 
obtain 



lim / Zfix, tVujdx — / Zf{x, Vu)dx. 
t^^Jo Jo 



6. Proof of Proposition 12.11 (i) 

6.1. Local Dirichlet problems associated to a functional. For any functional 
H : M/i'P(^2;R'") x 0{n) [0,oo] we set 

mff(u;0) :==inf |iJ(v;0) : w £ li + '"(O; R")} . 

Note that we can write m.H{u;0) = M^H{u + (p;0) : tp £ W^o'^(0;R")| also. 
For each e>0 and each O € 0{U), denote by Ve(0) the class of all countable family 
{Qi ■— Qpi{^i)}iei of disjointed (pairwise disjoint) closed balls of O with e O 
and Pi = diam(Qi) e]0,e[ such that |0\Uie/ Qi\ — 0. Consider mJ^(M; •) : 0{n) — >■ 
[0, oo] given by 

m|,(u;0) :-inf |^mH(u;gO : {Q J,e, G Ve(0) | , 

and define mj^(u; •) : 0{fl) [0, oo] by 

mjf (u; O) := sup m|^(u; O) — lim m|^(u; O). 



e>0 



The set function mj^ is of the Caratheodory construction type (see for instance 
|Fed69[ 2.10]), which was introduced by |BFM98) and [BBOObj . 

Lemma 6.1. Let O G 0{fl). Assume that H{u; •) is countably subadditive for all 
u G M^i'P(0;R'"). Then for every u G 1^1'P(0;R") we have 

(6.1) mHiu;0)<m*Hiu;0). 
Proof Fix e > 0. Choose {QJi>i G Vj(0) such that 

(6.2) ^mH(u;Q,) < |+mj,(w;0). 

i>l 

For each i>l there exists ipl G WQ'^{Qi;M.™) such that 

2 



(6.3) H{u + ipl;q,) <-^+mH{u;Q,). 



Set If, :=Ej>iV'Pq, e W^o^^(0;R™). Using the countable subadditivity of i?(w; •), 
]), and (j6.2p we have 

mniu; O) < H{u + ip,; O) < ^ H{u + ifl; Q^) < ^ + ^ uiHiu; Q,) 



2 

i>l i>l 



<e + m*H{u;0), 

we obtain (|6.ip by letting e ^ 0. 



By [BBOOb, Prop. 2.1., p. 81], we have the following result (which is needed for 
the proof of Lemma [ 



Lemma 6.2. Let u G W^^'P(f2; R™). // there exists a finite Radon measure /i„ on 
r2 such that for every cube Q G 0{^) 

tclh{u\ Q) < Ai«(Q), 

then m^(u; •) can be extended to a Radon measure on VL satisfying < A.^ < 
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The proof of the upper bound will be divided into four steps. 

6.2. Step 1: F(u;0) < m*p{u;0) for all (u,0) e W^'P{n;W^) X 0(n). 

Fix u G W^'P{Q;M."^). Without loss of generality we assume that m*p{u;0)<oo. 
Fix e g]0, 1[. Choose {QJ^e/ S Vs{0) such that 

(6.4) + | + 

Given any i £ / there exists G u + WQ^'^(Qi; R™) such that 

(6.5) F(^'^;Q^) <ni|,(w;QO + |^ 

by definition of niF(u; Q,). Define e u + Wq '^(O; R™) by := Y^iei ^i^^Q. + 
MlQ\u.gjQ.. From (|6.4p and (|6.5p we have that 

(6.6) F(u£;0) < mf,(u;0) +£. 

In the case p €]d, oo[, from the p-coercivity of /, (j6.4p and (|6.5p . we deduce 

(6.7) sup / |VMerda;< -(mJ,(M;0) + l). 

e>oJo C 

By Poincare inequality there exists i^>0 depending only on p and d such that for 
each Vi G u + M^q '^(Q*; R™) 

/" It;, - u\Pdx < KeP [ |Vw, - Vul^da;, 
since diam(Qi)<e. By summing on i G / and using (|6.7p and we obtain 



[ \Vue\Pdx-{ 


j \\7u\Pdx^ 


Jo 




- {m*p{u;0) -i 
c 


-l) + y" \Vu\Pdx 




as e — > 0. In the case where p = 







(6.8) llVue 

since (j6.6p . With similar reasoning we obtain — >■ m in L°°(0;R™) as e — 0. 

Therefore by (|6.7p ( (|6.8p if p = oo), there is a subsequence (not relabeled) such 
that Ue ^ u (ug ^ M if p = oo) as e — > 0, and then by (j6.6p we have 

F{u\ O) < fim F(ue; O) < m*p{u; O). 



Remark 6.1. We note that the previous proof establishes 

F{u;0) < inf|lim i^(w£;0) : u + '^(O; R") 3 u in W^^p{^;W^)^ 

< m*p{u;0). 
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6.3. Step 2: mJ,(M;-) is locally equivalent to mp{u;-). We are concerned 
with the proof of the local equivalence of m^(u; •) and mpiu;-), this result was 
established by |BFM98[ Lemma 3.5] in the context of relaxation of variational 
functional in BV, and in a general framework in [BBOObi Theorem 2.3]. However, 
the proof that we propose is inspired by |ABF031 Proof of Theorem 3.11, p. 380]. 

Also, note that by Lemma O lini,_^n > 1- 

Lemma 6.3. If F{u;0)<oo. Then we have 

mUu-MeM) ^ mAu-MA^o)) ^^^^ ^ 

Proof. Let u e W^-P{n;R"^) be such that F{u; 0)<oo. Then for each U E 0{0) 



mp{u;U) < / f{x,'Vu{x))dx<oo, 
Ju 

so by using Lemma 16.21 with '.— /(■, Vu(-))(ia;[o, ni|^(M;-) is the trace of a 
Radon measure on O satisfying < A„ < Since /i^ is absolutely continuous 
with respect to dx[^o the Lebesgue measure on O, the limit lim£_j.o '^"''^"i^"'*'' exists 
for a. a. Xq E O as the Radon-Nikodym derivative of A„ with respect to dxYo- 
Moreover, by Lemma 18.61 we have 



m|,(w;Qe(xo)) T^mF(w;Qe(xo)) . 
hm — J > lim T a.e. m O. 

It remains to prove that 

(6.9) hm — 3 < lim 3 a.e. m U. 

Fix any 9>0. Consider the following sets 

Qe :=|Qe(x) : x eO, e > and m*p{u; Qs{x))>mp{u; Qe(x)) + 9 |Qe(x)| |, 

A/'e e O : V5>0 3e e]0,S[ Qeix) E Ge}. 

It is sufHcient to prove that Mg is a negligible set for the Lebesgue measure on 
O. Indeed, given xq G 0\Mg there exists (5o > such that mp{u;Qe{xo)) < 
mp{u;QE{xo)) + d\Qe{x)\ for all e e]0, (5o[. Hence 



e^O \Qe{x)\ e^O \Qeix)\ 

then we obtain (|6.9p by letting 6* — > 0. 
Fix S>0. Consider the set 

■■= {q, (x) : X eAfe, £ G]0, 5[ and C),e{x) e 

Using the definition of Mg we can see that iufq^jr^^ diam (Q) = 0. By the Vitali 
covering theorem there exists a disjointed countable subfamily {Qi}i>i of J-g such 
that 

(6.10) Wg\ U QJ =0. 

i>l 

We have Afg C Ui>i Qi U Afg\Di>i Qi. To prove that Mg is a negligible set is 
equivalent to prove that |V,| = for all j > 1 where 



(M;Qe(xo)) mp{u;Qe{xa)) 
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Fix j > 1. Let {Q^}^>i G Vs{0 \ U^^^ Q^) satisfying 

(6.11) ymF{u;Q[)<iR*p(u;0\(jQA+S. 

i>l 

Recalling that ni|^,(u; •) is the trace on 0{0) of a nonnegativc finite Radon measure, 
we see that 

m*p{u; O) > m*p (u; O \ 6^ Q,) + ni> (u; V,) 

= mp{u;0\ U^Qi) + ^ m*p{u■,Q^). 

i<i<j 

Since each Qi G Ge, we have by using (|6.1ip 

j 

m*p{u; O) > y^nif (u; 

i>l i=l 

It is easy to see that the countable family {Q- : i > 1} L) {Qi ■ 1 < i < j} belongs 
to VsiO), thus 

m^(u;0) >m$,{u;O) + 0\Vj\~6. 
Letting (5 — ^ we have mp{u- O) m*p{u\ O), and so \Vj\ =0 since 9>0. ■ 

6.4. Step 3: Cut-off technique to substitute u{-) with u{xq) + Vit(a;o)(' — 
Xq) in mpiu; •). Now we use cut-off functions to show that for almost all G 
we can replace u in T[\p{u] ■) (locally) with the affine tangent map of u at denoted 
by Uxa{ ) '■— u(xq) + \/u{xo){- — Xq). In the following, we consider u G VF^^^(51; R™) 
satisfying tu G domF for all t g]0, 1[. 
We claim that for every t G]0, 1[ 

(6.12) lim ^ < Zj[xo,t\/u{xo)) a.e. xq G S2. 

e^Q e 

Fix f g]0, 1[ and consider A, a g]0, 1[ such that A = ^. Fix xq G 51 such that 

(6.13) hm ^ = /(xo, aVu(a;o))<oo; 

r ■F(to;Qe(xo)) 

(6.14) hm ;i = /(xo,iVu(a;o))<oo; 

(6.15) Mq{xo) = lim -r A^o(a;)da;<oo. 



6->0 



!(2:o) 



(6.16) 2/(a;o,iVu(a;o)) = lim inf / f{y,tVu{xo)+'^v)dy. 

To shorten notation the cube Qe(a;o) is denoted by . 

Let {£„}„ C W'j^ be a sequence such that £„ — > as n — > oo and 

mF(iM;Q£) ,. mF(to;Qe„) 
hm = hm . 

Fix r, s g]0, 1[ such that s<r. Fix n>l. Choose u„ G u^o + Woi'P(Q,e,.;M") such 
that 

[tvn ; Qse„ ) < niF (iUa;^ ; Q 
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Consider a cut-off function e [0, 1]) such that || V(/)||ioo(Q^^) < 

and 

Define := (/-z^n + (1 - G m + VFq '^(Qe^ ; M™), we have 
(6.17) 

mp (tu; QeJ<F {tvn ; Q.^ J + F (tw„ ; Q,.e„ \Q.£„ ) + F {tu; Q,^ \Q,.e„ ) 

< mp (<U^o; Q,e J + £,1+^ + F {tw,,; Qre„\QseJ + F {tu; Qe„\QreJ • 

The rest of the proof consists to give estimates from above, as n ^ oo, of the last 
two terms of (|6.17p divided by ef^. 
By (|6.14p we have 

(6.18) 

lim ^(^"'Q^;\Q'-^-) = lim / /(.x, tVu)dx = (l - r^) f{xo, tVuixo)). 



By (A5) we have 
(6.19) 
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/ (x, \{tpa\/u{xQ) + (1 - '(/')aVu) + (1 - A)$„,t) da; 
£« ^Q„„\Qs.„ 

< C, flQrSzi^ffzJ + i_ /■ / aVuixo)) dx 
\ £« £« -'Q,e„\Qse„ 

+ -d I f {x,a'\/u)dx + ^ I f{x,^n,t)dx 

where $„,t := t^a^'^ ® ("^0 " and Ci = + C. By (ISTT^ . it holds 
(6.20) lim ^ / /(a;,aVM)rfa; = (r'^-s'')f(a;o,aVu(a;o)). 



Using (A4) and (|6.13p we deduce 

(6.21) lim 4r / /(x,aVu(a;o))dx = (r''-s'')/(xo,aV«(xo)). 

Choose iVo > 1 such that - u||z,oo(q^j < (i-^)^^-^)po ^j. n > Nq. It 

follows that ||<&„_t||£,oc.(Q^ ;M'"'') ^ Pa for all n > A^O: and we have by Lemma l4.ll 

lim ^ / / (x, <&„,() < lim ^ / 7Wo(a;)dx. 

Moreover, by (|6.15p we have 



(6.22) jim :i /" Mo{x)dx = {r"^ - s'^)Mo{xo). 
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Passing to the hinit n oo by taking account of (I6.19p . and the estimates (|6.20p . 
([S:^ and (p:^ . we have 

^.^ UlF (fa;Qe„) 

n->-oo 

<s hm h (1 - r ) /(xo,tVu(a;o)) 

+ 2Ci{r^ - s^) (1 + fixo,aVuixo)) + /(xq, aVu(xo)) + Moixo)) ■ 
Letting r — > 1 and s — > 1, we find 

(6.23) Urn !^!£%iQ£) ^ Hni "^^^^^'Q-") < lim lim "^^^^'Q^-^ 

~ E->-o e'^ 

= Zf{xa,tVu{xo)) 

where (I6.16P is used. 

6.5. Step 4: End of the proof of Proposition [27l] (i). Using in turn the results 
of Subsect. [Ql [Ql and lOl we obtain for every u £ W^'P{n;W), every O e 0{n) 
and every t e]0, 1[ 

F{tu-0)<mUtu;0)^ f ii„,n^FKQeW)^^^ ^ m^ ft^^; Qe W) 



< / Z/(a;,tVM(x))da;. 
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7. Proof of Proposition 12.11 (ii) and (iii) 

The proof will be divided into two steps. In the first step we will use a localization 
technique also known as blow-up method introduced by |FM92j which consists to 
reduce the proof of the (global) lower bound to a local lower bound by using measure 
arguments. The second step consists to prove the local lower bound by using cut-off 
functions. 

In this section we denote by L the integrands Zf or/. 

7.1. Stepl: Localization technique. LctOeO{n). Let u, {u„}„ C ^^^'^(fl; K™) 
be such that u„ ^ u in I^i'P(f7;E™) and 

oo>C(u:0] :=inf I lim f L{x,\7un{x))dx : W^'Pin^W^) 3 u,, u 

l^n^oo Jo 

— lim / L{x^Vuri{x))dx. 



Up to a subsequence, since p>d, we may assume that 

(7.1) Un^umL°°{n;Mr'). 

Passing to a subsequence if necessary, we may find a nonnegative Radon measure 
jjL such that 

Vun{-))dxY^ ~^ 1^ as n ^> CX3 weakly * in the sense of measures. 
It is enough to prove that for all t e]0, 1[ 

(7.2) ^(.) + Alit) L.) + ^(.)) > ZL{.,t\/u{-)) a.e. in O. 
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Indeed, by Alexandrov theorem, we will have 

C{u;0) = lini L{un;0)> lim f L{x,Vun)dx — fi{0) > f -j^{x)da 
SO by integrating over O in (j7.2p . we find 

/:(u;0) + A2(t) (|aUi(o) +£(u;0)) > f ZL{x,tVu{x))dx. 



As L is ru-usc, we obtain the result by passing to the limit t ^ 1 and by using 
Fatou lemma. 

Since /(x, 'S/u{x))dx<oo, we fix £ O such that (A4) holds and 

(7.3) /(a;o, Vu(xo))<oo; 

(7.4) L(xo, Vm(xo)) < f{xQ,Vu{xo))<oo; 

(7.5) ^-(^^o) = lim ^ <oo; 
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(7.6) lini - \\u - u{xo) ~ Vm(xo)(- - a;o)||i=c(Q^(^^).R,„) = 0; 



(7.7) cl{xq) = lim -f a{x)d: 



x<oo: 



(7.8) A^o(a;o) = fim -f Xo(a;)da;<c«; 

where Q^{xo) := xq + eF. Note that (17.81) is a consequence of Lemma [4. II 
Choose £fe — > such that fi{dQe^{xo)) = 0. Then 

(7.9) lim ^^Q^^j"^")) ^ lim lim / L{x, Vun)dx 

= lim lim / L{xo + ety, Vvn,k)dy, 

fc— !-oc n— >oo Jy 

where ?;„,fc(2/) := ""("°+"^"^^^~"^"°^ By CH) we have 

(7.10) lim lim \\vn,k-huixo)\\roa(Y-ar^)=^ where l^^(^^^^){y) := \Ju{xo)y. 
Fix 5,r e]0, 1[ such that s<r. Then (17.51) impHes (see Subsect. 17.2.11 for the proof) 

(7.11) lim ^ ^^AQr.M\QssS-^)) ^ _ 

fc->oo n-!-oo da; 

By a simultaneous diagonalization of (17.91) . (|7.10p and (|7.1ip . we may extract a 
subsequence w„ := satisfying 

(7.12) vn ^ Zv«(=.o) in R™), ^ ?v«(.o) in W^'P{Y- M™), 

(7.13) -ri.^o) ^ lim / L(xo + e„?/, Vw„)d2/, 

(7.14) (.'^ - .^)^(xo) = ;im A^"(Q^e.(xo)\Q..„(xo))^ 

where £k„ := £„. 
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7.2. Step 2: Cut-off technique to substitute Vn with Wn € ^Vu(xo) + 
W-^'^CK; K"*). For simplicity of notation we set Oxg^niu) ■= xo + SnU for all y eY. 
In this section we use cut-off functions to show that there exists {wn}n C lvu{xa) + 
W^o'P(r;R™) such that for every i e]0, 1[ 

^^^^ ^ , Aa^^N N , dfi 



(7.15) lim / L{ex„,n, tVwn)dy < -f-{xo) + Al{t) a(xo) + -f-(xo) 

ri^oo Jy ax \ ax 

If ((71B holds then 

ZL(a;o,iVu(a;o)) < liffiinf L{xo + ey,tVw)dy : w G Zv«(.o) + ^^o '"l^; 
< lim / L{9xg^ri,t\7wn)dy 
= ^{xo) + Al{t) (aixo) + ^{xo)), 



dx \ dx 

and the claim [7^ follows. 

Now, let us prove ((71^ . Fix any t e]0, 1[. Let (f) e H/"o'°°(y; [0, 1]) be a cut-off 
function between sY and F\rF such that ||V0||L=o(y) < ^r^. Setting 

Wn ■■= (j)Vn + (1 - (t>)hu{xa)- 

We have w„ e hu(xo) + Vl^o^^(i^;M") and 



Vvn on si" 

(/)Vu„ -f (1 - (t>)Vu{xQ) + ^n,s,r OU f/^^^ 

Vu(xo) on y\ry, 



where $„,s,r := V(/) (g) (w„ - lvu{xo)) and J7s,r := rF\sy. 
For every n > 1, it holds 

(7.16) _ 

L{exo,n,t^Wn)dy 

Y 

L{exo.n,tVvn)dy + I L{9x„,n,tVwn)dy + / _L{0xo.n,t\/u{xo))dy 

Y Ju,_r JY\rY 



< L{6xo,n,tVvn)dy + L{0x„.n,tVwn)dy + _L{6xo,n,t'^u{xa))dy. 

Jy Ju,,r JY\rY 

The rest of the proof consists to give estimates from above, as n — >■ oo, of the last 
three terms of (|7.16p . 

Bound for limn-).oc, Jy L{Oa;o,n,tVvn)dy. Since L is ru-usc, using [7?T3l and 
(17. 7p . we have for every n > 1 



(7.17) lim / L{9 tS/Vn)dy 

n^oc J Y 

< lim I A^{t) / a{0 

Xq .71 

Vv„)dy + / L{9 Vvn)dy 
n-s-oo \ Jy Jy , 



<Alit)[aixo) + ^ixo))+^ixo). 
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Bound for lim„_j.oo /y^^y i(^xo,n5 iVtt(a;o))<iy. Similarly to the previous es- 
timate we have 



lim 

n— )-oo 



L{0:co.n,tVu{xo))dy 



Y\rY 



< lim Alit) / 



Y\rY 



Y\rY 



< Alit) ((1 - r'^)a{xo) + Ar{xo)) + Ar{xo) 

where Arixo) := liuin^oo fyxrY -^(^^o,n:^u{xo))dy. Now, taking account of ([731 
and (j7.4p . we have, by (A4)[ an upper bound for Ar(xo) 

(7.18) Arixo) < (1 - r'')/(xo, Vu(xo)). 

We deduce 



(7.19) 



lim 



L{0xo,n,t\7u{xo))dy 



Y\rY 



< (1 - /) (A2(0(a(a;o) + L(a;o, Vu{xo))) + f{xo,\7u{xo))) . 



Bound for lining oo Ju L{6xo,n,t^Wn)dy. Since / satisfies (As)} we have 
that L = Zf also satisfies ((A5) by Lemma [4.31 Therefore for every n > 1 



L{0:co,n,tVWn)dy 



< Ci {r" - s") + / )dy+ L{9xo,n,'^u{xo))dy 



L e. 



1 - 1 



*n,s,r dy 



where Ci — C(l + C). Since FrT2l there exists iVo > 1 such that for every n > Nq 

t 



1-t 



< Po 



L°°(F;] 



where po>0 is given by Lemma l4. II Taking account of (|7.8p . we have 



(7.20) lim / L[0,,,n, 



dy < lim 



sup L{0x„^n,Ody 



'^-.'■CeQpo(o) 



< ir^~s'')Moixo). 
Using similar reasoning as in estimate (j7.18p . we find 

L(0,„,„, '7u{xo))dy < {r^ - s^)f{xo, Vw(xo)). 



L{0,„n,Vvr,)dy = {r" - s'')^{xo). 



(7.21) lim 
Since (j7.14p . we have 



(7.22) 



lim 

n— >oo 



Collecting ^(Hn) and (lL22]), we obtain 



(7.23) 



lim 



L{0or:o,n,tVw„)dy 



dii 



<Ci(s''-0 {l + ^{xo) + f{xo,yuixo))+Moixo) 
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End of the proof of (TTTSl) . Collecting ((7Tf|) . ([71^ and we have 



lim / L{0xg,n,t\7wn)dy 



+ (1 - r''){Al{t){a{xQ) + LixQ, Vu{xo))) + /K, Vu{xo))) 
+ Ci(r'* - s^) (^1 + ^(xo) + f{xo,\/u{xQj) + Moixo) 

we obtain (|7.15p by letting r — > 1 and s — 1. ■ 

7.2.1. Proof of (jTTTI) . By (US]) we have 
(7.24) 

) = lim = lim = lim ^ jj^^ KQreM) 

on one hand we have 

(7 25) lim lim ^" (Q''^^- (^o)\Q«e. (^o)) > j^^^^ M (Qre. (a^o)\Q.e. K)) 

■ ' , — — — _d 

fc— >oo n— >oo fc^ fc— s-oo tj, 

= (r'^-.'^)^(.o) 

by using (I7.24p and Alexandrov theorem. Similarly, on the other hand we have 

Mn {Qrek{xo)\Qseki^o)) 



(7.26) lim lim 

k—t-oo n— J-oo 



< lim lim 



r 



< Ih^ li^ / .MOe^ _ ^dl^n{Q..M)\ 
fe^oon^oo\ [rSkY [SSk) I 

- fe^oo \^ (rekY {s£kY J ' dx'- ^' 

Combining (fr25l) and dLM]), we obtain ([7ll|) . 



8. Proof of Proposition 12.21 

We denote by Cub the family of all open cubes of R''. We denote by Cub^ the 
family of all open cubes Q of R'^ such that diam(Q)<5, where 6>Q. For each 
E C M'^, we associate the set J-s{E) of all countable families {Qi}ie/ C Cub^ 
satisfying |i;\Ug/Qi| = 0, Q.^nS 7^ for aU i G /, and Q^nQ^ = for aU i ^ j. If 
E ^% then Ts{E) ^ 0, indeed, by the Vitali covering theorem, it is always possible 
by starting from a family of closed cubes of R'^ with center in E to find a countable 
subfamily of open cubes in Ts{E) because the Lebesgue measure of the boundary 
of a cube is null, i.e., |Q| = |Q| for all Q G Cub. 
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Let m be a nonnegative set function defined for all cubes of such that ni( 
0. Let mf : r{E) [0, oo] be defined by 

r snpm^(E) if£;^0 
otherwise, 

with m^{E) := inf |^m(Q,) : {Q,},e/ G ME)^ ■ 
We denote by a; e [0, oo] the number 

ni(Q) 

U! :— lim sup 

-5^0 Qcn IQI 

diam(Q)<i5 

where Q denotes any arbitrary open cube of M''. 

The following result is an abstract version of Proposition 12.21 
Proposition 8.1. If uj<oo and 



^^ — ni(Q,(x)) ^ — ni»(Q^(a:)) . 
.1 lim -p < lim — a.e. m il 



th- 



en 

— ni(Q^(x)) ni(Q5(a;)) . 
hm — = lim a.e. in \ l 

where Q,s{x) = x + 5Y for any a; G 51 and 5>Q. 

The set function is of Caratheodory type construction (see |Fed69[ Sect. 2.10, 
p. 169]). Although we do not know whether it is an outer measure we have the 
following result. 

Lemma 8.1. The set function uv^ satisfies: 

(i) if Ei,E2 C R'^ are two sets such that dist(i;i, i;2)>0 then ui^iEi U E2) = 
m^{Ei)+mHE2); 

(a) if E,V C K'^ are such that V is a nonempty open set and E <Z V then 

iJ{E) < rJ{V); 
(Hi) if LU<oo then m^{E) < a;|i?| for all closed set E CZ fl. 

Proof, (i) We show that for every i?i,i?2 C M'' satisfying dist(i?i, £^2)>^o for some 
So>0 we have 

(8.2) m^{EiLlE2)>m^{Ei)+m^{E2). 

Fix S e]0, Sol Choose {Q^}^eI e Cub^ satisfying \{Ei U E2) \ U,^i Q,| = 0, n 
{EiUE2)^9 for aU i e /, and 

(8.3) nl*{ElUE2) + S>Y,HQ^)■ 

iei 

Let : Q., n Ej 7^ 0} for j e {1, 2}. Since dist(£;i, £;2)>2(5, if i G /i (resp. 

ieh) then Q, n £'2 = (resp. n = 0). Thus 

0=\{EiUE2)\ U Q,| - U q^\ + \E2\ U Q,|, 

iei ieh ieh 

hence \Ej \ Ui^i^ Qi| = and Qi H Ej ^ 9 for aU i € Ij. From we have 
m^{EiUE2)+S> ^m(Q,) + ^m(Q,) >m»(i;i)+m«(£;2), 

ieh ieh 

and (1H21) holds by letting 5 -> 0. 
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Now, we show that 
(8.4) m^EiUE2) <in^{Ei)+m^{E2) 



Foreachj e {1, 2}, choose {Q:J},e/^. E Cuba satisfying |i;j\Uje/^. Qj] =0, QinEj ^ 
for all i E Ij, and 

(8.5) mi{E,)+5>Y,MQl)- 

Since dist(i?i, i?2)><5o the countable family of cubes {Qf ■ i ^ Ij and j e {1,2}} is 
pairwise disjointed, moreover we have 

1(^1 u£;2)\ U Q, U U Q,| < |£;i\ U Q,| + |£;2\ u Q,| = 0. 

Summing over j G {1,2} in (j8.5l) we obtain 

m»(i;i) + m''(£;2) + 2(5 > ^ ^ m(Q^') > m»(£:i U £^2), 

je{i,2} ie/i 

and holds by letting 6 ^Q. 

(ii) Let y be two sets of such that V is a nonempty open set and E CV . 
For each ^>0 choose {Qi}ie/ S Cub^ satisfying |V\Uig/ Qj| = 0, Qi n F for all 
is/, and 

(8.6) m«(V^)+5>^m(Q,). 

Consider the open set Vs := Uie/ Qi, then = 0, but VSVs is open so V\Vs = 

0. It means that V C Vs so V E Vs. We deduce that Ie ^ where := {i e 
J : Q, ni; ^ 0}. We have \E\U,ei^ Q.| = |S\U»e/Q»| < \V\U,ei Q^\ = 0, thus 
{Qi}ieiE ^ ^s{E) and so from 



in\V)+5 > Tn\E), 

and (ii) holds by letting 5^0. 

(iii) Fix (5>0 and E E n. Set Es = {x E : dist(a;, £■) < 5}, then for any 
countable family {Qi}^^/ e J-s{E) we have Uig/ Qi C Es since Qi fl £' / for all 
i e / and diam(Q)<5. Therefore 

m^(i?)<5:m(Q,)<E^IQ«l^ ^l-UQ'l 

7^ ^ IQil diam(Q)<A- IQI '^-^ 

m(Q) , , 

< sup 

diam(Q)<<5 IMI 

Passing to limit (5 ^> we obtain m''(i?) <io\E\. ■ 

Let m+,m^ : il — > [0, 00] be the fmictions defined by 

+ 1 ^ V- m'(Q) ^ ^ r • f m(Q) 

m^(a:) lim sup — — — — and m^ (x) iim mi . 

"5^" KeQGCub^ IQI a^o^'SQeCub^ IQI 

Lemma 8.2. Leia, 6gM+. T/ien 

('ij there exists a Borel set <Z {x E ^ : m+(x) > a} such that \{x £ ^l : 

m+(a;) <a}\i?+| =0; 

(ii) there exists a Borel set B^^ C {x G 57 : m^ (a;) < fo} such that |{x G 51 : 
vi,-{x)<h}\B^\=0. 
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Proof. Let us prove (ii). Let 6 G M+. Set Mb ^ {x e il : ni;7(a;) < b}. For each 
fc £ N*, consider the set 

Gk := {Qe(x) : X e Ah, e e]0,i[ and m(Q,(a;)) < [h + \)\q,{x)\] . 

For each fc > 1 the family Qk is a fine cover of Mb, and so by the Vitah cover- 
ing theorem, there exists a disjointed countable family {Q^ C Qk such that 
|M\Uig/^ I = 0. Consider the Borel set B' nfc>i U,e/, , then \Mb\B-\ < 
J2k>i \^b\Uieik Qil =0- If show that C A/t then the proof of (ii) wih 
be complete. Let y G S^. Then for every A; > 1 there exists ik G Ik such that 
y G Qf^ G Cub^ and m(Q^J < (&+ i)|QfJ. It follows that 

yGQeCub^ IQI IQf^l fc' 

letting fc — > oo, we obtain that m~(y) < b which means that y G Mi,. 
For the proof of (i), it is enough to remark that for a>0 

{xen:mt{x)> a}= ixen-.lim inf 4^ < ^1 : 

and to apply the same reasoning as in the proof of (ii) with the necessary changes. 

■ 

Remark 8.1. By Lemma 18.21 the functions m;^ ^-iid m+ are measurable. 

Remark 8.2. The same conclusions can be drawn if we replace large inequalities 
with strict inequalities in the Lemma [521 indeed, it suffices to see for instance that 

{x efl : m+(a;)>a} = U^{x en : m+(a;) > a + ^} . 

We denote by m" the set function 

m^{E) = inf {m^{0) -.EcO^O open } for aU E C K''. 

Lemma 8.3. If uj<oo then uii(K) — m^{K) for all compact K C ft. 

Proof. Fix a compact set K C fl. Note that by Lemma ISTI (ii) we have m^{K) > 
va^{K). So it remains to prove the reverse inequality mi{K) < m^{K). 

By Lemma [8.11 (iii) we have m''(_ftr) < uj\K\ < uj\n\<oo. Let O C be an 
open set such that O D K. For each n G N* such that n > uq where no := 

Ent ^(diam(O) — diam(if )) + 1 (where Ent(r) denotes the integer part of the 
real number r) there exists {Q"}j>i C Fx{K) such that 

oo>m«(A') + i >ym(Q"). 

Note that Uj>i Cl{x eR"^ : dist(a;, K)<j-J C O because n > tiq and Q^'nA' =^ 
for all j > 1 . 

Fix n > riQ. Then there exists an increasing sequence {js}s>i such that sup^>]^ js = 
oo and o^s '•— ^j>j m (Q") < 7 for all s > 1. Fix s G N*. For the open set 
0\Ui<j<j^ we use the Vitali covering theorem to find a disjointed countable 
family of closed cubes {QTIig/ such that diam(Q")<i, 
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It is easy to see that the countable family 

{^"^}keD {^^ : * e ^} u {q; : 1 < J < J.} e -Fi(O). 
If := supQcf^^ diam(Q)<i t^en 

keD j>l 

n 

iei 

—n 1 

Passing to the limit s oo we obtain m^(0) -m« (if) < |0\Uj>i Q"| + i. If 
E := n„>„o Uj>i Q" then \K\E\ = 0, indeed, we have 

\K\E\< \K\U W\^0. 

n>no 

Letting n ^ oo it follows that m" (O) - ml* (if) < uj\0\E\. Therefore 
m'*(0) < m'(ii:) +w(|(0\ii:)\i;| + \K\E\) 
< m^{K)+uj\0\K\. 

Since the open set O containing K is arbitrary, by the outer regularity of the 
Lebesgue measure we obtain ml'(if) < m'*(if), and the proof is complete. ■ 

Lemma 8.4. Let a, 6>0. Let E C be an arbitrary set. 
(i) IfEc{xen: m+(x)>a} then ^{E) > a\E\; 
(ii) IfEclxeQ: ia-{x)<b} then mi{E) < b\E\. 

Proof. We start by the proof of (i). Fix a>0 and let E C {x ^ fl : m+(x)>a}. Let 
O be an open set of such that O D E. We can rewrite 

{x en ■.m+ix)>a} = Ix en : lim inf l^i. <-l ■ 
I ^a^eqecubs mtt(Q) °J 

Fix S>0 and consider the family of closed cubes 

Gs := {Q,(x) -.xeE, Cuba 3 Gt,{x) C O and |Qe(x)| < im«(Q,(:E))} . 

The family Qg is a fine covering of E. By the Vitali covering theorem, there exists a 
disjointed countable family {Qi}ie/ ^ Qs such that |i?\Uig/ Qi| =0. For each e>0 
there exists a finite set L^ C L such that \E\Ui^i^ Qi|<e- Then by using Lemma [8?T] 
(i) 

\E\-e^\En U Q,| < y IQ.I < - y ni«(Q,) - m«( U Q,) < m«(0). 

The proof of (i) is complete since the open set O which contains E is arbitrary. 
It remains to prove (ii). For each 5>Q consider the set 

Gs := {Q,ix) e Cuba : Qe(x) £ Cuba, xeE and m{Q,{x)) < b\q,{x)\}. 

It is a fine cover of ii', i.e., inf{diam(Q) : Q e Gs} = 0. Then there exists a disjointed 
countable subfamily {Q^jig/ C Gs such that \E \ U,:e/ Qi| = and J2iei IQil — 
\E\ + S (see |Mat95[ Theorem 2.2, p. 26]), so {QJie/ G TsiE). It follows that 

m»(S) < y m(Q,) < y 6|Q,| < 6|£;| + 55, 
and the proof of (ii) is complete by letting 5 — > 0. ■ 
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Lemma 8.5. If uj<oo then m+(a;) < (x) a.e. in D,. 

Proof. Fix a, e Q such that a>6>0. Consider the following set 

Sa,b := {x G : m^(x)<fe<a<ni+(a;)}. 

By Remark 18.21 and Lemma [8.21 there exists a Borel set Ba^b such that _Ba,6 C Sa.b 
and \SaM\Ba,b\ — 0. Fix e>0. Since the Lebesgue measure is inner regular, choose 
a compact set C -Ba.b such that \Ba.b\K6\<£- From Lemma 18.31 we have 
iiii{Ks) = ^^{K^) since a;<oo. Using Lemma [8.41 we obtain a\K^\ < m'^{K^) < 
b\Ks\. Therefore I I = since 6<a. Hence \SaM\ ^ \Ba,b\Ke\ + \K^\ + \Sa,b\Ba,b\«^^ 
and IS'a.bl = by letting e ^ 0. Now, the set where m+ is greater than is a 
countable union of negligible sets, i.e., 

{x e : {x)<int (x)} ^ (J Sa,b, 

Q<b<a, {a,b)e(p 

and the proof is complete. ■ 



Proof of Proposition 18. ll Using (|8.ip and the definitions of m+ and m^ we have 
for every x € Q 

m;(.) < Inn ^^^^ < li^ ^^^^ < (.). 



By Lemma 18.51 we obtain 

\ +/ ^ r MQ,s{x)) . 
m^ [X) — m^(a;) — lim —: a.e. m il 

which completes the proof. ■ 

If L : fixM™^'' — > [0, oo] is a Borel measurable integrand then for each ^ e M"^^"^ 
we denote by m^ : Cub [0, oo] the set function defined by 

m^(Q) = inf jy Hx,( + V^(x))dx : if e Wo'P(Q;M™) 

8.1. Proof of Proposition 12.21 The ProDOsition l2. 21 follows from Proposition 18. II 
by noticing that 

and by using the following result. 



Lemma 8.6. // (A4) holds then for every a; € 17 and every ^ G domL(x, ■) we have 

(8.7) ^m,(Q(.))^-m«(Q(.))^ 

Proof. Fix e G]0, 1[ and s>l. Fix a; £ fi' where fi' = {a; G : domL(a;, •) C I^l{x)} 

which satisfies |r2\r2'| = since (A4) Fix ^ G domL(a;, •) and fix 5 g]0, 2(s — 

Choose {QJi>i G Fs,d (Qe(x)) such that |Q£(a;)\Ui>i Qi| = 0, Qi n Qe(a;) 7^ for 
2 

all i > 1, and 

(8.8) ^nre(Q.)<^+m«(Q,(x)). 

i>i 

If O5 = Ui>i Qi then Qe(a;) C C Qse(a;). Indeed, on one hand we have Os C 
{y G : dist(2/, Qe(x))<^} and ^ + £ < se, thus Os C Qse(a:). On the other 
hand Qe(x)\05 is open and \Qe{x)\Os\ < |Qe(x)\Oi| = 0, therefore Qe{x)\Os = 0. 
It follows that Qeix) C Os and so Q£(x) C O5. 
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For each i > 1 there exists Lp\ S WQ^'^(Qi;M™) such that 

(8.9) I^L{y,^ + \7^l)dy<^+in^{Q,). 

Define ips :== Y.r>i V'Pq. G W^q ^^(Oa; M™). By takmg account of (jHSl) we have 

(8.10) f Liy, e + Vips)dy = V / i(y, ? + V^^)^?/ < ^ + V m^lQ,) 

<fc'^ + ni«(Qax)). 
The function ips also belongs in PVQ^'^(Qse(x); R™), and moreover 

(8.11) / Liy,^ + Vips)dy> f L{y,i + V<ps)dy - f L{y,Ody 

JOs JQsAx) ■■'Q..(x)\Qe(2:) 



"'Qse(x)\Qe(3:) 



From (A4) we have 

IW l/ L(y,0d2/- lim^s'^/ L^y.^dy - -f L{y,i)dy 

^^^^ J QsAx)\QA:-c) y Jq^^{x) Jq^x) , 

< (s'^-l)L(x,0. 
From (|5TTU)) and ((5?TT1) it holds since s>l 

(8.12) IS < (.'^ - 1)L(., C) + ^ + IS 

But again since s>l wc have 

— m,(Q (x)) ^^.^ sup ^Qf^ 



r)G]0,e[ 

m^(Q^.(x)) 



lim sup , , 



- ,. m^(Q^/(a;)) nij(Q£(x)) 
> lim sup — , ' , = hm — ^ — 1 . 

Therefore from (j8.12p we obtain 

— m^Q^ , , , , — 4mx)) 
lim — ^ — ^ < (s — 1 L a;, n + + hm — ^ — ^ , 

letting s 1 and (5 — s> wc obtain (|8.7p and the proof is complete. ■ 
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